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In [1], it is shown that the Fibonacci sequence 1,1,2,3,5,... has the property that if any one term
is removed from the sequence then every positive integer can be expressed as the sum of some of the
terms that remain, and that if any two terms are removed, then there is a positive integer that cannot be
expressed as the sum of some of the remaining terms. We describe this situation by saying that removal
of any two terms from the Fibonacci sequence renders it incomplete, while removal of any one term does
not. A sequence which is not incomplete will be called complete.

In this note we consider, for each n = 0,1,2,..., nondecreasing sequences which are rendered in-
complete by the removal of any n + 1 terms, but not by the removal of any n terms. We call such a
sequence an n-sequence. Thus the Fibonacci sequence is a 1-sequence.We characterize in a simple way
the set of all 1-sequences and show that there are no n-sequences for any n > 2. A simple description of

the set of all O-sequences seems more difficult, and is left open.

Theorem 1. The sequence {ai}y_, is a 1-sequence if and only if it has the following three properties:
(1)ay=ar=1.
(2)ak+1:ak0rak+1:Zﬁ;{aj+l, k>2.
(3) apy1 = le‘;} aj+ 1 for infinitely many k.

Proof of sufficiency. The proof that the Fibonacci sequence is a 1-sequence given in [!] translates more
or less immediately into a proof of the sufficiency of the given conditions, and is given here, slightly
altered, for the sake of completeness.

Let {b;};_, be the sequence obtained from {a};> ; by deleting one term from {a;}. Suppose that
N is the smallest number which is not the sum of terms from {b;} and that a, < N < a,+;. Then
):;f;f b > ):;f;f aj= (Z?;ll aj+ 1) —1=uauy1 — 1> N. Now let L be the smallest number greater than
N which is the sum of terms from {b; } and suppose that L =Y, _, b;,, where j; < jo <--- < j, <n—1.
Then if bj, =1 we get

Y bj,=L—-1>N,

and hence, since N is not the sum of terms from {b; }, L— 1 > N, contradicting the choice of L. If bj >1
then N > a, > by—1 2 bj;, hence N > bj, — 1 > 1, hence by the definition of N, bj, — 1=}, b’<p, and
moreover b’jp < bj,, for all m > 2 and all p. Thus ), _; b’jp +3Yr _bj, =L—1>N,hence > N, again

contradicting the choice of L. Thus {a;} remains complete if one term is deleted.



Suppose now that both a,, and a, are deleted, m < n, to obtain {b; }. We may assume without loss of

generality that a,, | = Z’};I aj+1. Then

n—2 n—1
Y bi=Y aj—an=an1—1—an <anii—1=buy1 — 1,
=

hence b,,_; — 1 is not that sum of terms of {b; }. Then {a; } is rendered incomplete by the deletion of any

two terms. O

Proof of necessity. Let {a;} be a 1-sequence. Then clearly a; = a; = 1, and a3 is either 1 or 2. Suppose
that, fork =1,2,...,n(n > 2), either g+ = ay or gy = ):/j‘-;% aj+1. We wish to show that then either
ap42 = Ay OF Qpyp = Z?:] aj+1. Clearly apy < ):?=1 aj+ 1 for all p, otherwise deleting a1 from
{ax} would yield an incomplete sequence. Thus in particular, @,+1 < @p42 <Y a;+ 1.

Let {b; } be the sequence obtained from {a; } by deleting a; and a,,+1. We show that if a4 < a,42 <
Y'i_yaj+1 then {b;} is complete, contradicting the assumption that {a,} is a I-sequence. Note that
{bk}z;i = {ax}]_, is an initial part of the complete sequence {ay};_,. It is easy to show by induction,
and we leave it to the reader to do so, that if {c;} is complete and N < ¢| +-- -+ ¢, then N is the sum of
terms from {c;}?"_,. Hence if N < by +- -+ b,_; then N is the sum of terms from {b;}7~| and we say
that the sequence {b;} is complete through by +--- + b, ;.

Now
n—1

n
by=an2< Y aj+1=1+Y) bj+1,
j=1 j=1

so0 b, < Z;f;ll bj+1, and hence {b;} is complete through by + - - - + b,,. Next,
n+1

buyt =an3< Y aj+1=14bi+-+by | +au1+1
j=1

<1+4bi+-+by i +ano+1=1+b ++b,+ 1.

Thus b, < Z;?:l b;j+1, and so {by} is complete through by + - - -+ by,1. Now assume {b; } is complete
through by + -+ +byyp, p > 1. Then

n+p+1 n n+p+1
buspt1 =anips3 < ), aj+1=1+Y aj+ ) aj+1
Jj=1 j=2 Jj=n+1
n+p+1
=1+bi+-+byi+ ), aj+1
j=n+1
n+p+2
<l4bi+-+bi+ Y, +1
j=n+2
n+p
=14+bi+-+bi1+ Y, bj+1,
Jj=n

n+p

hence by4pr1 <Y ;77 bj+ 1, hence {b¢} is complete through by + - - -+ byypr1.

We have now shown that {b;} is complete through b; + - - - + by, for all m, and hence is complete.



This completes the proof that condition (2) holds for the sequence {a;}. Condition (3) then follows
immediately. This completes the proof of Theorem 1. L

Theorem 2. For n > 2, there are no n-sequences.

Proof. For any n > 2, an n-sequence can be converted into a 2-sequence by deleting any n — 2 terms.
Hence it is sufficient to show there are no 2-sequences.

Suppose {ax} is a 2-sequence. Then if any term is deleted the result is a 1-sequence; in particular
{ar}7_, is a 1-sequence, But then by Theorem 1 there are arbitrarily large n such that a,, > = 27:2 aj+1,

or, since a; = 1,a,47 = Z;le a;. But then, choosing n large enough that a, > 1, we have a1, —1 >
-1
from {a; }. Thus {a;} is not a 2-sequence. This completes the proof. O

aj, and hence a4 — 1 is not the sum of terms from the sequence resulting when ay,, a,11 are deleted
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