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A number of people have considered the arithmetical, combinatorial, geometrical, and other proper-
ties of sequences of the form ([nct] : n > 1), where o is a positive irrational number and [] denotes the
greatest integer function. (See, e.g., [1-16] and the references contained in those papers, especially [&]
and [16].)

There are several other sequences which may be naturally associated with the sequence ([no] :n > 1).

They are the difference sequence

fa(n) = [(n+1)a] = [no] —[o]

(the difference sequence is “normalized” by subtracting [&] so that its values are 0 and 1), the character-

istic function
ga(n) (ga(n) =1if n=[ka] for some k, and g4 (n) = 0 otherwise),

and the hit sequence
ha (I’l),

where hq(n) is the number of different values of k such that [ka] = n.

‘We use the notation

fo=(fa(n):n>1), ga=(8a(n):n>1), hg=(ha(n):n>1).

Note that fi = fg4« for any integer k > 1. In particular, fy = fo—1if & > 1.
Special properties of these sequences in the case where o equals 7, the golden mean, T = (1++/5)/2,
are considered in [5, 12, 14, 16]. For example, the following is observed in [12]. Let u, = [nt],n > 1, and

let F; denote the kth Fibonacci number. Given k, let r = Fyi, 5 = Faogq1,t = Faran. Then
w=s, uy=2s, uz=23s,...,u_or=_(-2)s;

thus, the sequence ([r7]) contains the (f — 2)-term arithmetic progression (s,2s,3s,. .., (t — 2)s).
It was shown in [16], using a theorem of A. A. Markov [ 1] (which describes the sequence f (for

any o) explicitly in terms of the simple continued fraction expansion of «), that the difference sequence



S+ has a certain “substitution property." We give a simple proof of this below (Theorem 2) without using

Markov’s theorem. We also make several observations concerning the three sequences fr, gz, and h;.

Theorem 1. The golden mean 7 is the smallest positive irrational real number @ such that fo, = g = hg.

Infact, fy = go = hg exactly when o> = kot + 1, where k = [a] > 1.

Proof. Tt follows directly from the definitions (we omit the details) that if ¢ is irrational and & > 1, then
ha = 8a = f1/q- (The fact that go = f1 /4 is mentioned in [8]. It is straightforward to show that

ga(n) =1 :>fl/a(n) =1 and gu(n)=0 :>f1/a(n) =0.)
Also, if ¢ is irrational and o > 0, then
ha(n) = fi/a(n) +[1/a] foralln>1.

Thus, if o is irrational and fy, = go = fo, then @ > 1 (otherwise, g, is identically equal to 1, and f is
not) and

Jo-ja)(n) = fa(n) = ga(n) = fija(n) foralln>1.
Since the sequence fg determines 8 if 8 < 1, this gives o —[a] = 1/a, and the result follows. O

Definition 1. For any finite or infinite sequence w consisting of 0’s and 1’s, let w be the sequence
obtained from w by replacing each 0 in w by 1, and each 1 in w by 10. For example, 10110 = 10110101.
(Compare “Fibonacci strings" [10, p. 85].)

Note that #v = i - v, and that i = ¥V = u = v by induction on the length of v.
Theorem 2. The sequences f: and f; are identical.

Proof. First, we show that if 0 < o < 1, then fo = g1+q. Let L(w) denote the length of the finite
sequence w, so that if w = fo (1) f(2) - - - fo (), then

Lw) =k+ fo(l)+---+ fo(k) =k+[(k+ 1)a].

Thus,
[foa(n) = 1] & [n = L(W) + 1 for some initial segment w of fq]
& [n=[(k+1)(1+ a)] for some k > 0] < [g1+a(n) = 1].
Therefore, fr = fr1 = gc = Sije=fr-1=fr O

Corollary 1. The sequence f; can be generated by starting with w = 1 and repeatedly replacing w by

w.

Proof. If we define E| = 1 and Ey | = E, then, since 1 = 10 begins with a 1, it follows that, for each k,



Ey is an initial segment of Ej ;. By Theorem 2 and induction, each Ej is an initial segment of f;. Thus,

Ei=1, E,=E =10, E3;=E,=101, E4=E;=10110,

Es = E; = 10110101, etc.,
are all initial segments of f;. (These blocks naturally have lengths 1,2,3,5,8,....) O
Corollary 2. For eachi> 1, let x; denote the number of 1’s in the sequence fr; which lie between the ith

and (i+ 1)st 0’s. Thus,

f=101101011011010110101101101011011 - ,
()= 21221212212 2---.

Then the sequences (x, — 1) and f; are identical.

Proof. If we start with the sequence (x,) and replace each 1 by 10 and each 2 by 101, we obtain the
sequence f;. Since 0 = 10 and 1= 101, this shows that (x, — 1) = f; = f;. Therefore, (x, — 1) = fz,
and, finally, (x, — 1) = f;. O
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